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1 —EENX

1.1 JL#E

Deﬁnition 1.1 (%ﬂ%[@)- iﬁ P1,P2,---,Dt 2 07 61 Z £2 2 cee & gt 2 1 %%ﬁa Hﬁ/@
p1+p2 > 20 FHRE p FKEN G WEERE, Hi=1,2,.. 0 XTIX (p1l + - +pile) 5%

PRI —%, BHEH A, GITA XS ES N DA XFEE S BN b
SRE SPpy.pa..prita ba,.. by o

U1 V1,1

U, 1 @——O
Up,,2 @—O
U1,2

O—@ U1
O———@ V2
V1,2

Uey,pr @—O

u17p1

O—@Viy,ps

U1,py U1,ps
P L R Sppy poser 0 (T2 RENIA Y
Definition 1.2 (#[&]). % by, by, > 1 NHEHL B E CGy, by ABIIGIHIRIE Sps, . HIH

DS SIS M RES, FERA N IRE Spe,, BHDSIZIAHS — A ES
MAFEIRY A

ul,r Ul,r
@ L ]
Upy ,r
®
Uby,r
{ ]

K 20 B CGo, oy (M T2 RAENTAFY)

Definition 1.3. % p > 1 f1 b > 3 A¥H. ES B ESy, YA Spiib-2pr2pi1pe



1.2 Steklov Eigenvalue
1.2.1 RFMA
Definition 1.4. Laplace—Beltrami -F A BRSFRE LR MRS E T, EXLN:

af=——o,(Vidlg",1)

%\

:/H:EFI 9ij Efﬁigﬁi g” /‘\%E |g|
WEPERET A=Y", az

Wr

EHIKERTAI. ERJLERZES, BB

Definition 1.5. Steklov 72 & FHKEE f: M — R FIEE N 15

Af(x)=0, xz€ M,

o (@)= Af(@), @ e oM,

Definition 1.6. Dirichlet- Neumann £ F T 22— 50 5 R E s 2] ik m S50na

-
H3(OM) — H™2(0M)
_9f
f—Tf:= 9

Hep f 2 F 3 M iRk, IR Af =0 HEDRE floy = [ BB

Definition 1.7. Steklov 454E44 f& Dirichlet—Neumann & 1-F4RAEE, $2080 39 FHE8] A -

0=XM <A <A< Soo

Hp A\ = 0 X REBEREL N\ BN % —AE R Steklov 4F4E4{E.

1.2.2 BEEURA

Definition 1.8 (FHHR). M T—1MHABHR B (LEN—MEETE) WE GV, E),
FATAT LAE X (B 3%) Steklov ¥+

of

A:RB 5 RB. A(f):% (1)

Hofr f R f BAE V KRAstis, T 5L R (@) = T en(f@) — fv)) St 5
Bk F 4
A PFRHEEFRCNXT (G, B) 1 Steklov #4248, 104

0=01(G,B) <03(G,B) <--- < o5(G,B) (2)

E 1.1, HEAeR TR E T X b Fbr T4 b, KAE 0, 27 0:(G, B).



1.3 Algebraic Connectivity

Definition 1.9 (JEFEIRHEZ A SHHMEE). 8 M A— n xn FHE. TATIC (M) =
®(M,z) = det(zl — M) NFEME M KA S R Ko ZEZTRERN M 8R4EE. £ M
HRFEAE A SR, MNP EA T FHES], i (M) < pe(M) < -+ < pp (M),

Definition 1.10 (&1 57 46 FE). 3 = (V,E) 2—1MxmE, HTGSERNV =
{v1,v2, ..., vn}e B G 353045 % L( ) B nxn WHERE, HE R

deg(vi)7 Qu%l = ja
[L(G))i; = § -1, Wi # j Hv, Sv; 1020,
0, HAth.

Frit, L(G) = D(G) — A(G), Hwh D(G) REsEH MM, AG) BAREER,

ME—AE G = (VE), BATALEL (BE) FSisis L: RV » RY % L(f) =
Sayen(F(@) = F(y)o L RHEMEHN G MR BIFREAT (1, 04

0=(G) < X(G) < - < Ayy(G) (3)

Definition 1.11 (f7 5 m%). % G 22— 1K, L(G) fHA SR 112 ©(G) =
®(L(G),x) A L(G) MFEL =, MK G E’J#J_—“’—L_;dfr#% %3 Xo L(G) BIRHEMERRN
G WFEFEIHIEE, 168 M(G) < A (G) <+ < A(G).

Definition 1.12 ((ECEEE). 5D R-F IEERERE, R HAREEY I ST,
Hi 2 M (G) =00 BoARERHFLE A2 (G) BFRONEIRBRE B, BRI T EIHE

Definition 1.13 (JH—ftRShi i R HEE). & G 22— B, D(G) 2HEHE. B
G W)a—fea BB M4 ME LA L(G) = I — DTVPAD™Y?, SRR LSk s E SR
I—-D7'A (34 G IR o ZIEPERIFIEERR N G 19 )8 — A8 Bfr 4 4e i . A0,
BANE on(T) AW T WHE b AR — LS EI AL, @EBETFHES]: 0= 0.(T) <
U2<T) <.




2 Steklov Eigenvalue
2.1 Steklov $FEEK/NKR

ABR B, W i=1,2,...,|B|, H

oi(T) < 0i(T)

Lemma 2.1. & T A —BA RS, EerFHEAHABF B, & T 2T 89—FF&, HetF4F

Let (G,m,w) be a weighted finite graph. Let A'(G) be the collection of skew symmetric
functions « : V(G) x V(G) — R such that a(x,y) = 0 when = £ y. The exterior differential map

d: RV — AY(Q) is defined as

df@,y)—{g(y)‘f(” ;y
T Ay.

Equip RV(®) and A'(G) with the following natural inner products

(f9e= Y. f@gl)m.,

zeV(G)

(@.Bc= > al,y)Byw.,

{z,y}eE(G)

for any f,g € RV(® and a, 8 € AY(G). For A C V(G), we denote

m(A) = Z My,

(f,9)a = Z f(z)g(x)m,.

r€EA

(8)

Denote the adjoint operator of d : RV (%) — A'(G) as d*. Then define the Laplacian operator

A¢ : RV(©) — RV(G) ag
Ag = —d*d.
A direct computation gives
1
Acf(@) = —> () = F(@))ws,.

x Y~z

Moreover, by the definition of Ag, it is clear that

(Acf,9)e = —{df,dg)c Vf,g € RV,

So —Ag is a nonnegative self-adjoint operator on RV (%), Its eigenvalues

0= Ml(Gam)w) < M2(Gamaw) <---< u\V(G)\(Gamaw)

are called Laplacian eigenvalues of (G, m,w).

Let (G, B, m,w) be a weighted finite graph with boundary and f € RV(%). Define the outward

normal derivative of f at x € B as

af 1

5o@)=— 3 (f(@) = f)wsy = —Acf(2).

m$
yeV(G)



Then by (5)—(8), it is clear that

(df, dghe: = —(Dcf, ) + <g£,g>3.

This is a discrete version of Green’s formula.
A real number o is called a Steklov eigenvalue of (G, B, m,w) if the following boundary
value problem

Agf(x)=0 x e

W(z)y=0of(x) z€B ©
an
has a nonzero solution f. The nonzero solution f is called a Steklov eigenfunction of the graph for
0. Steklov eigenvalues are the eigenvalues of the so-called Steklov operator or Dirichlet-to-Neumann
map (DtN map for short): -
U
A:RP” = RP, Au) = %|B,

where @ is the harmonic extension of u from B to G. The Steklov eigenvalues are denoted as
0=01(G,B,m,w) <o2(G,B,m,w) <--- < op(G,B,m,w).

For simplicity, we also write o;(G, B,m,w) as o;, 0;(G) or o;(G, B) if the ignored information is

clear in context.

Definition 2.1 (Comb Structure). A connected graph G is called a comb over its connected
subgraph G if G breaks into |V (G)| connected components when all edges of G are deleted.
G is then called the base of the comb.

Suppose G is a comb over G.

1. Denote the connected component of G containing z € V(G) when all edges of G are
deleted as CN{,:, and call CNJI the tooth of the comb at z.

2. When G is a graph with boundary B, define B, := BN V(G,) for any z € V(G).

Theorem 2.2. Let (G,B,m,w) be a weighted connected finite graph with boundary, and
(G, B) be such that G is a connected subgraph of G. Suppose that G is a comb over G
(Definition 2.1), and

m(By) > m, (10)

for any x € B. Then, for anyi=1,2,...,|B|,
0:(@) < 0:(G). (11)

Here m(B,) means the total measure of vertices in B,.

Proof of Theorem 2.2. The proof relies on the min-max characterization of Steklov eigenvalues:

du,d
oi(H)= min  max M, (12)
UCRB(H) 0#uelU <U,’LL>B(H)
dim U=i oecRBH)

where u € RE(MH) is extended harmonically to H in the Rayleigh quotient.



Let ¢1 =1, ¢o,... 7¢\B| be an orthogonal system of Steklov eigenfunctions on G such that

¢; is the Steklov eigenfunction corresponding to O’j(é) forj=1,2,..., |B\ That is,
Apdi =0 in Q(Q), ,
6; ’ s (95, 06) =0 (4 # k). (13)
Similarly, let fi = 1, fo,..., fip| be an orthogonal system of Steklov eigenfunctions on G
such that f; is the Steklov eigenfunction corresponding to o;(G) for j =1,2,...,|B|. That is,
AGf' =0 in Q(G)a .
’ (fis fi)p =0 (G # k). (14)

%‘B :UJ(G)fJ'|B’

Fix i > 2. We construct a test function f on G as follows:

Step 1: Linear combination on G. Define
f=cafitefo+ - +efie RV, (15)

where c¢q, ¢, ..., c; € R are constants not all zero to be determined.

Step 2: Orthogonality condition. Require that the harmonic extension f of f satisfies

(fio)g=0forall j=1,2,...,i—1. (16)
Step 3: Existence of coefficients c¢i,...,¢;. The conditions (16) form a system of i — 1
linear equations in ¢ unknowns cq,...,¢;:

ch<.f~ka¢j>é:07 levaz_]-?
k=1

where f, (k=1,...,i) are extended harmonically to G as fk. This is a homogeneous linear system
with ¢ — 1 equations and ¢ unknowns, so it has a nontrivial solution (cy,...,¢;) # (0,...,0).
Step 4: Harmonic extension f using comb structure. Define the harmonic extension
f:V(G) = R as follows: for each tooth G, (z € V(G)),
. f(z) ify e By,
F) = | ] a7
flx) ity e V(G.) \V(G).
That is, f takes the constant value f(z) on the entire tooth G, attached at z € V(G). This
satisfies A5 f = 0 in each tooth (since constant functions are harmonic) and matches f on V(G).
Step 5: Apply min-max principle. By (12) and the orthogonality (16), the Rayleigh

quotient of f provides an upper bound:

~ <d.f7df>@
O-Z G -~ —  ~ ~ .
e (f. N (e

Step 6: Dirichlet energy localization (comb structure). Compute the numerator:

df.dfie= 3 (fv) = fw) ww

{u,v}eB(G)

= Y @) - f@ et S (F0) - Fw) wa
{u,v}€E(G) edges in teeth —0

= Y (f0) = f(w) wa = (df, df)- (19)

{u,v}eE(G)



The second equality holds because f is constant within each tooth G, \ {z} (by (17)), so gradients
vanish inside teeth.
Step 7: Boundary inner product inequality (assumption (10)). Compute the denomi-

nator:

—2;3 XBj f(x)*m,
= ;;(:v;?m(éz) (20)
By assumption (10), z
(f, /s = x;?f(xf x;}f(w me = (f, /)5 (21)

Step 8: Chain of inequalities. Combine (18)—(21):

() < (df.df)e _ (df.df)c _ (df.df)c (22)

<faf>]§’ <faf>]§’ B <f7f>B
Step 9: Rayleigh quotient on G. The rightmost term in (22) is the Rayleigh quotient of

f= 22:1 ¢k fr on G. Since f lies in the i-dimensional span of {fi,..., f;} (the first i eigenfunctions
of G), by the min-max principle (12),

<df7 df>G

s =79 29)
Step 10: Conclusion. Combine (22) and (23):
~ <df7 df>
=, =9
This proves (11) for 4 > 2. The case i = 1 is trivial since oy = 0. O

A 11 ARZOE TR Teomb £54y ) SEHL Steklov RHEERT I ME. i comb (i),
R —NEETE G 1ER Tt ) (base), £ G BTN v € V(G) £ THRH ) —Mi&dEm [
i1 (tooth) G,. (8M% G MFTARE. BIKE G IRHFEE |V(G)| MEESSE {Gateevo)
AT G, FUBHTE « 5 G %, WHATHEAS G 1il.

XTSI R AR FUR . A G L WL f. REASN T G, L EER N
f=fz) (AEADAFHEBUERE), SAZIEA G EHRRIRS (BT ENEEERNE), BfED
R B MR G AR TS R

HERY S 7 . H) min-max JFFEHES G FT G 94 i 4> Steklov HHE(E .

G HyHG @ > Steklov FHIERREL f1 =1, fo, ..., fi (TEIH B EIEAR) . VEZIEAHE

F=>crfr,
h=1

FEAs HAY comb ZEHEIESE] G 185 fo BRI o (11— 1 MERMFFROTR) . 8 f 12
G iR B EIESCT G AUHT i — 1 4> Steklov FEEEEL 61, ..., ¢

(FL0))5=0, j=1,...i—1.



WES f 1 Rayleigh Bi%H T 0:(G) 1L :

| /\

(f.df)g
(f, )5

SHFRIH comb 25ty f AEARA TR NEBNTAL SO N ESETA A TR B AR 0, #
PMREIRET G EHYRE:

SHEERI B m(By) > my (BEA 40 S AR I TS 03 ) -

(F, D g =Y f@)*m(B) > f(@)m. = (f,f)p

zEB zeB

e . df)e _ (df.df)
T P

AR f A8 G B Rayleigh 1, 1 f J&T G HURT ¢ MFALSRAGK ALY @ ZE250H], 0 min-max
JEH

<dfa df>G o
s = oile)

L5 RS

2.2 $F5RE R R RIS
2.2.1 Spider B

Lemma 2.3. Let py > 0, po > 0, £; > £y > 1 be integers such that p; + py > 2. Let T
be the spider graph Spy, p,.e .0, With leaves as boundary. Then o1(T) = 0, 0o(T) = -+ =

Op: (T) = %r Opi+1 (T) = 22211512;)2’ and UP1+2(T> =" = Opitps (T) = é Ifpr =0, then the
etgenvalue e;iﬁfpz is missing. If p1 =0 or 1, then the eigenvalue % is missing. If po =0,

p1+p2

then the eigenvalue P

is missing. If po = 0 or 1, then the eigenvalue é 18 mMissing.

Proof. We give the Steklov eigenfunctions directly. Define 01 =0, 03 = -+ =0p, = é, Opi+1 =
ézgii?fpg’ and op, 40 = = 0p,4p, = é Define
&Gv)=1, YweV; (24)
1—21[;j, v:um,l,j,lgjgﬁl,
gm(v) = _(1_ @%)7 U:um,j71 S] Sely (25)
0, otherwise,

form=2,3,...,p1;

po(1—Bdloitea)y gy — gy 1< i <py 1< <,

Epiy1(v) = fpl(lf%), vV=20;,;,1<i<py, 1 <5 <Ay, (26)
(£2—L1)p1p2 .
Lap1+Lip2 V=20



and

1_£2T;j, /U:/Um—q—Lj’]- S]§€2)
Em(v) = —(1— b J) V="Up_gq,;, 1 <j <Ly, (27)
0, otherwise,

for m = p1 +2,p1 +3,...,p1 + p2. Then §; is a Steklov eigenfunction corresponding to Steklov
eigenvalue o; for j =1,2,...,p1 + pa. O

BATEBAIE py + p2 DERIETCRH Steklov FHIEREL & -V - R, j=1,2,...,p1 +p2, IR
— I uEH e B Steklov 7R
A&j(v) =0, veV\oQ,
& (b) — &(wy) = 0;€;(b), b€ AN,
Hrp Au(v) =3, o (w(w) —u(v)) HEBF G T, 00 = {ur, 11 <i<pi}U{ve,:1<i<
P2} AP AR AR, B b e 0Q BME— N EREEIC A wyo AR FMTFEN T
~&i(0) = & (ws)

0; = (&(b) #0), BAfEE o; 4 &(b) =0
&(b)
W o= %, D = lopy + lipao 3E SUFFIEE
1 1
0'1:07 0—2:...:0'171227 o'p1+1:a7 UPHQ:'H:UPH‘P?:E

SORE L PR RHE BR AN
E 20, EABAEMA— RS RT 4 LR, ZANKENABANRIE . HERF kA Spider
AP ay b — 4kt AR THR, EA%— 5 (BEFLEXRRAG, HXLHE p1 ME
1, € EFFERREST AAGERL, RREHiBs, WALEG—ShAmALE—5) HAHT
69 RE K v A L

(1) B—%RR: BHHEH &, WH oy =0, B &) =1 XH v e Ve IHERMNFTUL
v ¢ 0, HIFESE w~v HE &(w) =1, 1

Adi(v) =Y (1-1)=0.

w~v

IMERDA R b€ 0Q, HME—NIPABRE w, WL &i(w) =1, &(0) =1, #&
(b)) —&(wp) =1-1=0=0-&(b).

Rl & /& o1 = 0 1Y Steklov FFAEER %L

(2) RS €00 =2, p1. XL 0y = o WA m e (2, pi}, S8 m—1 Gk
B (50 JHIR) N, EX
V= Um-1,5, j: 1727"'7617

Em (7)) =0
0,  HATHH.

EOCRIEAEIEAME. X m — 1 SRR ER IR w1y (1 <J < 1),

—1 1l
Afm(umfl,j) = fm(umfl,jfl) + fm(umfl,]?#l) - 2€m<um71,j) - JT + J fl - 2;*1 0

10



Xﬁ%ﬁtplﬂ‘ﬁq Um—1,1> @B%j{j o 5 Um—1,2> ﬁ fm(O) = 0’ gm(um—l,Q) - %’ gm(um—l,l) - %v E&

2 1
Agm(umfl,l) =0+ E -2 E =
KD 0, H py 4 po DRBEH wpm—11 JEF, He N 0, st EAUEECNE, # Adn(o) = 0.
KHABFT AT, &n =0, PEIN 0, AL, =00 PEBHAINERA
HIRIGUETI A5 o ME—AETD RN 0 = Um—1,0,» HNFLE wor = 10,1, H

N -1
gm(b ) - 51 - 17 g'm(wb*) - fl ’
. BT Tt D S
g’m(b ) £’m<wb*) =1 El - gl - El L.

XHAM pr — 1 ADZERRMAT R wie, (0 # m—1) M po DA vi0,. WAH £n(b) = &n(wy) =0,
B 0—0=0-0XMEE o Kor. KILETA p1+ po MIOR SR AEME, 0 = %
(3) *Eﬁ%ﬂﬁ fp1+1, XTJ-F‘_Z Op,+1 = Qo /‘\HE)\(

p(l—a(ty—3), v=uy, 1<i<p, 1<j<4,

£p1+1<v): _pl(l_a(EQ_]))7 U = Uy 4, 1§Z§p27 1§]§€27

(52 —51)p1p2

D )

TEAERERE b, & 1(uiy) = p2 — poa(ly — J) KT J 2k, HONTRL 1 <j <l 19 A&, 11 =06 [F]
HEA BRI, A =00 XHU0 o, SPFEHN p1r 4> Uj,1 H5p 1 Vi1,

vV = 0.

Epir1(uin) =p2(l—a(ly = 1)), &ua(vin) = —pi(1 — allz — 1)).
Syl
S = pi[p2 — p2a(lty = )]+ pa[=p1 + pra(le = 1] = pip2c[(€z = 1) = (br = 1)] = pipaac(ly — £),
I Epy41(0) = (b2 — Lr)prpacy, HX
Ap41(0) = 5 = (p1 + p2)&p,41(0) = 0.
PRI R BT
A RERRIT b = w0,
Epir1(0) =p2, Gpuaa(wy) =p2(l =), &,41(0) = §ppa(wp) = prv = - pa.
KRR b = v,
Epir1(b) = —p1, &a(we) = —pr(1— ), §uaa(b) = &pa(we) = proa= o (—p1).

FrA p1+p2 DR RE & 11(0) — &pya(wy) = ap, 11(b), # 0p, 11 = e
(4) BRERER &y m=p1 +2,...,p1 +p2s XML 0y, = -0 K me{p+2,...,p +p2}. &
k=m—p —1 HGMRET, EX

J .

) ’l):’l}k7',]:1,...,€2,
En(v) =4 b !

0,  HAtb.

11



WHEBAAIVE S A RIS R BERRIE Y ((UBR 6 — L), ME—AERA T b = vge, L

bl e (0) = mlwy) = ~,

£2 ’ 62

Em(07) =1, &m(wp) =

HAIR € =0, W o = £

R py+ po ANEEUE 0Q _EIIHEL (u, v)p = Zbeaﬂ u(d)v(b) IIERR CHEERECE R
BT, AFEBREREBEAS AL, AR R 7 Lo, SERETeE, il
Steklov élEﬂo E/f,tfl‘%iﬁg p1 = 0,1 gi P2 = 0,1 —Ffﬁﬁ/]‘%fﬁﬁﬁﬁg, #%‘%JE{EQZEJJ{E}%%: Eglfiégio

2.2.2 Extra Special

Lemma 2.4. Letp > 1 and b > 3 be integers. Let T be the extra special graph ESy,,. Then
01(T) =0, 09(T) = 055(b;p), 03(T) = 045(b;p), and 04(T) = --- = o(T) = %, where

s )_2bp+3b—3i\/b2—2b+9
TBs\"P) = o pp? 1 3bp — 3p+ 26— 4)

(28)

If b = 3, then the eigenvalue % 1§ Missing.

Proof. We give the Steklov eigenfunctions directly. Define oy = 0, 05 = 054(b;p), 03 = 045(b; D),

anda4:--~zab:%. Define

&Gv)=1, YweV; (29)

fl=(p+2—j)on), v=1v1;1<j<p+2,
LI=(p+1=j)on), v=1s;1<j<p+1,

En(v) = (30)
1—(p—7)om, v=10;;3<1<b1<j<p,
1 —pon,, v = g,
where
fi=1—2b—bp+ (bp*+3bp —3p+2b—4)o,,, (31)
fo=1+b+bp+ (bp*+3bp — 3p+2b — 4)0,,, (32)
for m =2, 3;
17%, U:vm—l,j71§j§p7
En(v) = 4 =(L=22), v=0v,;1<j<p, (33)
0, otherwise,
for m = 4,5,...,b. Then §; is a Steklov eigenfunction corresponding to Steklov eigenvalue o; for
j=1,2,...,b. a

E 22 X—RR ANy, THMALRIFIE, RABIEN! (ZAMEESA L RTR Tl e
AR RE, L RAELNELS)

G

12



AT ESyy B Steklov FREEFAT RXEEIF B AEIE. 258 p > 1, b >3, AT =
SD11,b—2:p+2,p+1,p TR EE AL vy, AR V1,1 = " > Ul,p+2> K V21 =7 " > V2 pt1> R
Vig == U (1=3,...,0)0 JHREE 0Q = {01 pro, V2541, V3 ps -5 Vb pts FED b HME— N ERANE
wy HNIH V1 pr1s Vo, Vip—1 (0> 3)s

ILA=bp?>+3bp—3p+2b—4,c; =1—-2b—bp, co =1+b+bp, | fi =ci+Ac, fo=co+ Ao,
Wi b MREREC S (=1,...,0) T

(1) EBEH &, W 01 =0, B &) =1 XFH v e Ve IMEREMNTTUL v ¢ 00, HffF
AL w~ v R & (w) =1, ]

A&(r) =S (1-1)=0.

IMERBF L b e 09, HM—NEPPE w, WiE &(w) =1, &(b) =1, &
§1(0) =&(wp) =1=1=0=0-&(b).

L € 2 oy = 0 [y Steklov KEAEERAL.
(2) BEWBD & m=2,3, W 0, = op5(bip)e M m=23, L o=0n, EL

l—=(p+2—j)o), v=v1,, 1<j<p+2
fol—=(p+1—j)o), v=1y,, 1<j<p+1,

1—=(p—j)o V=105, 3<i<b 1<j<p,

1— po, v = vp.
HAEIIERR DN A ERRFIE o XSRS vy (1<) <p+2),
Em(viy) = fill = (p+2—j)o] = fi— filp+2—j)o.
2 g()=1-(p+2-jlo=1-(p+2)o+jo, N
En(vij—1) = fill=(p+3—j)a] = fi = filp +3 = j)o,
En(vijs) = fill = (p+1—j)o] = fi = filp+ 1= j)o,

26 (v15) =2f1 —2fi(p+2 —j)o.

[
A& (v1y) = filg(G—1) +9(G +1) —29(j)] = f1-0=0.

MHCBEN B v2,; (1 < j <p+1), % h(j) =1=(p+1—j)o =1—=(p+1)o+jo, [FH A&, (va;) = 0o
KRR A vy 3<i<b, 1<j<p),

gm(”z}j) =1- (p_])o': 1_p0-+j0->

Em(vijo1) =1=po+(j— 1o, &n(vij)=1—-po+(j+1)o,
Abm(vij) =[(1—po+(j — o)+ (1 —po + (j + 1)o)] = 2(1 — po + jo) = 0.
MEEUT A R v1 1, SBJEN vo 5 v12,

Em(vig) = il = (p+1)0), &n(viz) = fi(l—po), En(ve) =1—po.

13



i EEG BERMCAM R AL, TS NE, AL (v1,1) = 0. KARSREEREEITHUO R .
Bz Uy A AL SR RO 1T
HIREIEAFUG vo WYTAIE . HUOEBE N via, va1, via (1=3,...,D),

Em(vin) = il = (p+1)o), &n(ven) = fo(l—po), &Eu(via) =1—(p—1)o.

HFULME &n(vo) =1 —po. K

b
A&m(vo) = fr(1 = (p+ Do) + fo(1 —po) + Y [1 = (p— 1)o] = b(1 — po) = 0.

1=3
RIF
h—fAp+l)o+ fo—fopo+(b—2)—(b—2)(p—1)c — b+ bpo = 0.
BT
it fot(0—2)—b=fi+ fo—2.
o i

—filp+1) = fop = (b=2)(p— 1) + bp.
RN fi=ca+ Ao, fa=cy+ Ao, FHEIWALN
(c1 +Ao) 4+ (ca+ Ao) =2 =c¢y + o+ 240 — 2.
B e +eca—2=(1-2b—bp)+(1+b+bp)—2=2—-b—2=—b, HFEEI N —b+240, o Ji:
—(c1+Ao)(p+1)—(c2+Ao)p—(b—2)(p—1)+bp
=—ci(p+1)—A(p+1)o — cop — Apo — (b —2)(p — 1) + bp.

o2 T

N

—A(p+1)o — Apoc = —A(2p + 1)o.
LG Pk
—a(p+1) —cop— (b—=2)(p—1) + bp.
HE —alp+1)=-1-2b-bp)(p+1)=—(p+1)+2b(p+1)+bp(p+1).
= —(p+ 1)+ 2bp + 2b + bp? + bp,

—cop=—(1+b+bp)p=—(p+bp+bp?>)=—-p—bp—bp*, —(b—-2)(p—1)=—(bp—b—2p+2) =
—bp+b+2p—2, +bp="bp. HIFFEC

—(p+1)+2p+20+bp* +bp—p—bp—bp*> —bp+b+2p—2+bp

=—(p+1)—p+2b+2p—2+ (2bp+ bp — bp — bp + bp) + bp* — bp*

=—p—1—-p+2b+2p—-24+2bp+0=1.

—a(p+1)—cop—(b=2)(p—1)+bp=1.

—b+240 — A@2p+1)o — (2bp+3b— 3)o + 1 =0,

14



E 2.3 BMFT oo IMRELIAMIERE R, A4FRE RERIZFTH:
Ao? — (2bp+3b—3)o +1=0.

g iR L4 T cooo
(3) RIEERS &, m=4,....,b, S(T]'Eam:%oﬁ‘mzél,...,b,é\izm—le{&...,b} C=
i=bMi+1=3), EXL
= U:Ui,j71§j§p;
Em(v) =1 —L, v=w1,, 1<j<p,

0,  HAh.

L NEBFAFRIETEIE 1 56 0 RJERRANER vy, 1<j<p

J Jj—1 Jj+1
fm(Ui,j) = 57 fm(vi,jq) = 77 fm(vi,jH) = T
%E’Wﬁ Vi j—1 il Vij+1> Eﬁ
—1 +1 2 2
A{m(Ui,j): (]—Fj ) - l— 7] 7‘7:0
p p p p p
B 20 i+ 1 FFEBNHE vigry, 1<j<p
J Jj—1 Jj+1
fm(”i+1,j) = —57 fm(vi+17j—1) = —T, gm(vi—&-Lj-i-l) = —T-
1 1 . 9i 9
A (Vig1,5) = <—j - H) -2 <—]> = + .
p p D p p

B 3: FEIEHUDHI AT v A vigra X vin, SBFEA vo Al v;2:

gm(vi,l)zllg, 5m(vi,2)=§, En(v0) = 0.

2 1
Afm(’l}i71):0+**2'*20.
p p

X vigr1, ZBJEN vo A vip12:

gm(vi-f—l,l) - _11)’ fm(vi+1,2) - _]297 gm(UO) =0.

Ab(vis11) = 0+ (—i) _9. <—;> 0.

T 40 Huly vo HUDEBEEL b e - ;00 DUk
TR ACHR HAMARR) : &, =0

Agu(un) = 2+ (<2 )+ 350-0-0-0,

fHIE 5: HABFTA TR JBE. JABMERE : &0 (v) =0, SBEIN 0, A&y (v) =0,
ik AN 2 Ay (v) = 0,

15



2. DR EMEUE
I A SRR b = v, (5 4 SR0EMEMY 15D

—1
En®) =L =1, wy =01, Em(wy) =P

p p
%(b*)—gm(wb*):l—ppl :;:;-1.
T B: LR 0 = w1, (BB 0+ 1 SRR 50
Em(b7) = _g =1, wy~ =vig1p-1, Em(we-) = _p;l‘
En(b"™) — Em(wper) = —1 — (—T) =l

T C: JE3HEI R (G b =2 1) vippa, vapn Mok, (k& {i,i+1})
MERME b, §n(b) =0, HNFLE wy MAEAESHEXIE, §n(ws) =0, #K
En() = &n(up) =0-0=0=0-0
YRR o L.
Zi b BTA b AR R R
En0) = &) = 760 (8).
i o =1

po
2.2.3 Crab H

Lemma 2.5. Let by,ba,r > 1 be integers. Let T = (V, E) be the crab graph CG(by,ba, 1)
with leaves as boundary B. Then the Steklov eigenvalues of T are o1 =0, 09 = #m,
and 03 = -+ = Oy, 4p, = 1/7.

E 2.4 ZIAERA IR HHE LK, AR AFT, L0LAMERIER ..

Proof. We give the Steklov eigenfunctions directly. Define o; = 0, 05 = ﬁm, and o3 =
o = 0Op,4b, = 1/7. Define
&Lv)=1, WweV, (34)
b2(1 —7”0'2), vV = Uy,
—bl(l—T’O'Q), VvV = Vo,
&a(v) = (35)

bg(l—(T—i)O’g), UV = Uy, 1<£<b1,1§i§7’,

*bl(lf(T*’L‘)Jg), UV = Vy i, 1§£<

1- (T - i)o—m7 UV = Um—2,i, 1 S l S T,
Em(V) =4 =14 (r—i)om, v=tim14 1<i<m, (36)
0, otherwise;

16



form=3,4,...,b; + 1, and

1_(r_7;)0-m7 UV =Um—b;—1,i> 1 Sigrv
En(V) =4 =14 (r = i)0m, V="Um b, 1<i<T, (37)
0, otherwise

for m = by +2,by +3,...,b1 + ba. Then §; is a Steklov eigenfunction corresponding to Steklov
eigenvalue o, for 7 =1,2,...,b. O
E 2.5, et L Spider B89 KL, RIS

FATRE Crab & CG(by, by, r) 1 Steklov FHIFEM T2 2 IETFE RIIE 25 EFEEL by, by, 7 >
L, KT =(V.E) BHAMERE Spe,r (HU0s ug, by 55K r BIBR wey — - =gy, £=1,...,b1)-
FIRIE Spo,r (UL vo, bo SFTE 7 TUBR ver — -+ = vy, £=1,...,b0) PLSHULNED uo —vo
*ﬁé\ﬁﬁﬁo ijl%% B = {ué,r 4= 17"'7b1}U{v€,7‘ = 15"'7b2}v ;:E‘ bl +b2 /I\v /I\ b Eguﬁ#
ERABJE wy 43 3A wer—1 B Voo

it a= ﬁ(ffﬂ,ﬂo JIE by + bo MFAESREL & (G =1,...,01 4+ b2) WT'F

(1) B8R &, W 01 =00 EXL &) =1 WH ve Ve IMERNTE v ¢ B, Hff
AR w~v R &(w) =1, #K

Ag(v) =) (1-1)=0.

IHERAA R b e B, HME—PBAE wy WE & (wy) =1, &(b) =1,
§(b) = &i(wp) =1-1=0=0-&(b).
I & /& o1 = 0 11 Steklov FHEKEL.
(2) MEBER &, TR 09 = a. EX
ba(1l —ra), v = ug,
b1 - ra), v = v,

ba(1— (r —i)a), V=Upy, 1<O0<by, 1<i<r,

by (1= (r—i)a), v=rp, 1<E<by, 1<i<r
EIEHIERR wo, vo ST TTERIME . RTZEBRIN AL wes (1 <i<7),
E(ugs) = ba[l — (r — i)a] = by — by(r —i)ar.
Sgli)=1—(r—da=1-ra+ia, N
Ea(ugi-1) = bl = (r—i+1)a], &(ugir) =bafl — (r—i—1)al,
265 (ug;) = 2b5[1 — (r —i)al.

[
Ay (uri) = balg(i —1) +g(i +1) —29(i)] = b2 - 0 = 0.

XA RN v (1 <i <), & h(i) =1—(r—i)a, [FIHE Al (ve;) = 00 XFFELTHUOHY R w1
LRIEN ug 5 U2 5

Ea(uer) =b2(1 = (r—1)a), &(ur2) =b2(1—(r—2)a), &(ug) =b(1—ra).
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by MTHL, BEEERRNCT @« BTHTEREL M ZED NE, B Ab(uer) = 0o A RREETHUORIR
o BR wo, vo SN ERIAINEKAL
FERIEAEA VD wo BITAIME. SR vo 5 wen (0=1,...,b1),

§g(v0) = —bl(]. — T'Oé), €2<U[71) = b2(1 — (7’ — 1)0() = b2(1 —ra-+ OZ).

HULME €2 (o) = ba(1 — rar), K

A&o(uo) = Ex(o0) + 3 alues) — (br + V(o) = 0.

(=1
N
—b1(1 —7ra) + bibo(1 —ra+ ) — (by + 1)by(1 — rar) = 0.
RIT:
—b1 + b17"0é + blbg — blbgTOé + bleOZ — bg(bl + 1) + bg(bl + 1)7’0[ = 0.
HOHOT:
—b1 + biby — ba(by + 1) = —by + b1by — b1by — by = —by — bo.
o Ti:
blT' + b1b2 — blbg’f' + bg(bl + 1)7’ = blT' + b1b2 + bQ?" + b27" — blbzr.
at
bir + bar + (b1bz — bibar) = by + bar.
—(b1+b2)+(b1+b2)7'a:0 = QZM.
T(bl + bg)

HFTEE vo WAMWEEES o BUEHUL vo BIWMAIE. SBJEN o 5 ver (C=1,...,bs),
& (ug) =bo(1 —ra), & (ve1) = —bi(1—(r—1)a)=—-b(1 —ra+«a).

HFIME &2(vo) = —b1(1 —ra), &

ba
A& (vo) = &a(ug) + Y &a(ve) — (b + 1) (vo) = 0.

(=1
fon:
bg(l — T‘Oé) + bz[—bl(l —ra+ Oé)] — (bg + 1)[—b1(1 — T‘Oé)] =0.
R
b2 — bg?“Oé - ble + blbg’f'a - blbga + bl(bg + 1) - bl(bz + 1)7’@ =0.
RO
b2 - b1b2 + bl(bg + ].) = bg - blbg + b1b2 + bl = bl + bg.
o Ji:
—bQT' -+ bleT' — blbg — bl(bQ + 1)T = —b27" + bleT' — blbg — blbg’l" — bl’l".
3t

—blbg — (bl + bg)’f’.
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o= b1 + by
b1b2 =+ T(bl + bg) '

(bl + bg) + [—blbg — T'(bl + bg)]a =0 =

55—
BB R X b= ug,,

§2(b) = bz(1 -0 a) = by, fz(wb) =by(1 - Oé)a fz(b) - fz(wb) = by = - by.
X b= v,
§2(0) = —b1, &a(wp) = —bi(1 —a), &(b) —&(wy) = —bia=a-(=b).

FIFA by 4 by DIBF R RSN, o2 = a.
(3) EREB &, m=3,....01+1, W o, =1/ro X m=3,....00+1, S k=m—-2¢
{1,...,0}, EX

%7 v:uk,hlsigrv
Em(v) =4 -1, v=wupp1, 1<i<r,
0,  Hfh.

Mup, L<i<r),&n=14/r, 8BJF (G—1)/r, (i+1)/r, A&n =00 X upr1,; (1 <i<7), &n = —i/r,
S8 —(i—1)/r, —(i+1)/r, A&y =00 XHUD ug, AP uka 5 wppr1 ik 1/r 5 —1/r, R
0, S, An(uo) =00 X vo LA & =0, BFEIFN 0, AL, = 0o PNFFRARITE A7,
RGN X b= gy,
1 1 1
r

Em(b) =1, &nlwp) = T%, Em(b) — Em(wy) = —=— 1.

XTJ_ b= Uk+1,r >
gm(b> = _13 fm(wb) = _r ; 17 gm(b) - gm(wb) = _% = 1 ’ (_]‘)

,
X HA b, & (b) = En(wp) =0, 0—0=0-0 &Ko A by + by NHALWL, o =1/r0

(4) BRE &, m o= b1 +2,..b1+ by, B o = 1/re M m o= b+ 2,0 + by, &
E=m—b—1e{l,....b}, EX

%7 v:vk,ialgigra
Em(v) = —%7 U =Vpq14, LSS
0, .

RAER (3). 45 by — 14~ 00 = 1/r,

iR by 4+ by NEREAE B ERNBIWIESR (& SREEESIER, & @R ERLEL RS, R
AR O 5) . B IETC G, Tl Steklov Z¥[A]e # by = 1 8L by = 1, X =gk,
1/r B, 5518 —8.
2.3 —YEAMEZERFEENTKE
2.3.1 2EH S,

Bl Steklov HHEMA I



=

HI TR Au(c) = 0 15

nu(c) — ZU(%‘) =0 = ulc)= %ZU(U@)

i=1 i=1
Steklov $:fiF{H A Rayleigh FH45H -
> (ul@) —uly))

(z,y)€EE

S uw)?

vEIN

Ei/J\/f”t ]Ejjj u J— 01y---,0k—1 (K‘E@ﬁ_l:) o Xj‘ Sna

n

0 = min

n

IVall* = (u(e) —u(w)?,  Jullie =Y u(v:)*.

i=1 i=1

WAEHEE u=1%H 01 =00 XT oo, FHERE v FEIDR ESERELERS, Bl

n

z u(v;) = 0.

AW RTEER u(c) = 0. BERY

n n

IVul® = Z —u(v)? =Y u(v:)? = ||ul3q.
=1

Rl IHEERAL > uw(v) =0 BHEE u,
IVul*

lull3e

REGH A 00 2 1o
AJTEL FATE 0 W, u(v) =1 (BT n/2 1), u(v) = -1 U5 n/2 1), u(c) =0, N

n n
IVl =2 14+ 21 =n, Jule =n,

Eﬁo—leo

72 2.6. W Steklov #5445 49 Rayleigh B &3, HIEEEFR LR S A FIEAN, KA LKELH®
do RARAH =Lk, REGRFRS —3 1kg 89, AL (T RBEHNIF L2 NTET kg
ERRAESE,

24
7

O'Q(Sn) =1
Sebp EERE SRR ERCY n - 1.

2.3.2 & P,

2.4 [TE#5|E
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Lemma 2.6. £ b>3 fot>1 ¥, BT A—REHF bOATTFELARZRE SH 4 k.
m T 8 EEEKE S A bt

. R, TR E RN 4 EEA/NT 4, MLHETR) . R4 KN 4t 1Y
BEH 2

P:vg—v1 —vy — - — vy,
Hrf v 15 vy KT
1. B2 P 9T
W% PRS2 NEKICEE | 2] = 2t %
2. RN T HIBES

RIPILAT b AT, vo,vae BIFA P BORIAR b — 2 DI SHMERRIARI 7w ¢ P, HE| P
ESFiEERS)

r&:

dr(u, P) = melg dr(u, w) < 2t.
KM TEHR <4, i dr(u,v) <4t 5 dr(u,vy) < 4te 30 dr(u, P) = dp(u,w), W
dr(u,w) < min{dp(w,vy), dp(w,vy)} < 2t,

3. BRI DTk

Mo BB w MBI < 2t ZERG LS4 | 2] =t KIURE (ES P %
A < 6.

L br AT b—2 SHEHAE P 2 SNERAEEE (RTEER) , IR HE R 24 BRI ISRE < (b—2) L.
e BRI RO < 2t + (b— 2)t = bt. -

Lemma 2.7. Z#%b>2t>1, £ T Z—RAALA 4 +1. H b HrtF. R KT ERHK
A bt+1 é”]*ﬂo R"J T % Crab B CGbl’b,bl;Qt, ;d:—‘:P b, = 1,2,...,{)710

IER. BRSO 4t 4+ 1 M ERIEE Po BERLZTIMR 2t + 1 5RICHCH . HAR b—2 DH-FH| P
MRS E L 2t, HAHEREZ T ¢ 5500, S DTRCET
<241+ (b—2)t=bt + 1.
EMIEECECH bt + 1, BEES G, A
1. P SlkiE 2t + 1 54905
2. FAHBTTIRG ¢ 5550

JEEBREGFAERRE 184 2t FEPERICRE, A& 2Rk P b 2t + 1 Kbk, T P A
4t +2 AT SEFRVEECTH 4 35 AR T

HT P BSEsEbhc, AT A adbma, MHEAMREmILE, Ty, bR
L. EONPRF P otk 2¢ + 1, B al jg i 5.

ME—RlRE: FEEOEAE P RIPRIMA var, vargro BEAT:

L. wvor, varr1 53 HIAPAS spider FHULN;
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2. FTEHERRE N 2t, 4L b %%, 4328 by S5H1 b — by 5%
3. HANA var — varr BCVERC;
4. JICHL: bit+ (b—b)t+1=0bt+ 1,

T >4 Crab [ CGy, p_pyoe» HF1<b <b—1, O
Lemma 2.8. £ 0>3, t >0, T A—RAF b ArFT. AERESA 4 +3 694, N
T 69 KL Bedk < bt + 2,

BB, AR, BIKERN 4t + 3. WEZKR

P:ug—vp — - — Ugps.

HELZ TR 2t + 2 SR ICEE, RATEHTTIA S B 8.

1. P 5imk 2t + 2 5530 (5EFEULED) «

P iﬁﬁﬁk VR, HAeo—2 TR PEEE <2t4+ 1, AACSEMA, MEsHE
BELTTHL t 550 BULED <2t + 2+ (b—2)t = bt + 2,

2. P RGN varvasi1~ Varp1Vaesas (HE voriovorisgo

UIU P Jmi\ﬁj( <2t+1 /R\, Vat+1 ﬂi/@ﬂlo lynl by AM‘?L\L Vat+1 l_j%, JWI\@( <bit+1; 2 ?ﬁuf
TN A, ik <t %o HUEEE <24+ 1401t +1+(b—2—by)t =bt +2,

3. XIFR, B vorp1Vae4os VaryoUaitrs, (B varvoprr, [A_EAS bt + 2

4. P Tm~d‘¢'@lﬂ V2tV2t+1, V2t41V2¢42, V2t4+2V2¢430

M P otk < 2t 55, Varp1s Ve i’]ﬁﬁ/b@ﬂ]o Wby, by DA IE G X SRR, DUk
Shit+1+bot + 15 HpTulk <t 5% MIULHD < 2t+blt—|—1+62t+1+(b 2—by —by)t = bt+2,

Zr b, DCECE < bt + 2. O
Lemma 2.9. ### 0>3, t>1. AT Z—BRA bATF. ARESH U +2 8. N
T 69 KIE B <bt+ 1,
ER. AR, BIRERN 4t + 2. BERRZ
P:vg—v — - — Vgeqo.
HEZ TR 2t + 1 FILECH . 43RG L8

1. S KUCECE S vorvar i1 BY var1varre 5%,

AR varvarir, M vorpr EAEFL, P 5T#k < 26+ 1 550 % by Dl voryr i&
B, WIADSA, F5omk < t 5% P AND SR, 7R0TEk < ¢ 5. B <
24+ 1+t +(b—-2-b))t=bt+ 1,

2. I RUCECAA votVats1s Vapg1U2i420

M P orik < 2t 5%, vorrr AW 18 by DT vopy 3EFE, DTk < bit+1; HAEHTFA
AU, DRk <t 4% BADCHD <2t + byt + 14 (b—2 —by)t = bt + 1o
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Zi b, DUECEL < bt + 1. JiEEE O

E 2.7, LR ERMARL P LRk E T AL T T (V). b
%) B REaY I BL ARG ST 69 7 S

bt
o
oY
&
=
—
o
B
S
PN
x>

2.5 —EH
2.5.1 HEMSE. TR

XSO IZ R IXFER . R A 2 B TR SRR 1Y Steklov FRAE(E? SR E, BT
T, LRk E TR R —RE B, ABATRATH lemma 2.1 FRATHEAT AR 2I0F 58 Bl —
A~ Steklov FFEE 5L

MHBEAE &I, b EIRATHFER BT LR E I B R R R R I IO HEE , T HLAT 2R
g5, BB AR MEAL PR E A IR B B S VRO B € 1y (DCRCECEE & BRI IRBISE) B
AR R

Definition 2.2 (7T (n,m)). & n,m NEE, WHEn>2 H1<m<n/2, TA1C T(n,m)
HEA n AT K ILHCE m BIRWEIEES

P AFEEERERT T € T(n,m) BY 02(T) HI_EF

Theorem 2.10. & n,m A%, HEn>2 H1<m<n/2, &£ T ALK n AR5 ELE
KICEHA m 698, N

1, m =1,
oo(T) < 22 m=2, (38)
1 m >3

Em=18, 5 0o(T)=1 RZZERXE T 22ZH S,.
Y m=20, 5 02(T)= 22 R AL T 2EA CG1 3.0
L m>3 8, 5 0o(7) :% ARG Y HA S T Yok B SDim—1n—2m+1:2,10

. W T ONEA n AT EIEECECY m BIR . 35 T A8 5K € i, N T RyICECE
200 [6/2]. I, FHRHIERCECY m, WHER D E22H 2m.
LEm=1, WEREZHN 2. HEN 1 IME—ZER S, FrAERN 2 RN ER S,
AR, R T Steklov FHLMEN 1o
2. 5 m=2, NMEREZLHN 4
T WERN 4, MERESKER Ps AFATH. W lemma 2.1 13 05(T) < 03(P5) = 3 <

n—2
2n—>5 °

% T quféjj 3’ I)_\IU T 7\%%@ CGp,q;l > ;E\EP p+q =n—2 U_\]” UZ(T) = pqu:;i’q = p(n72nfip§+n72 S
22, B HACSE T = CGpose

T HERN 2, e HEREEHN 1, FE.

3. m >3 W FER 02(SPm-1n-2mt1;2,1) = %, A m—1>2
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o T WERZRDN S, WEasiRE P AF . MH lemma 2.1 15 0o(T) < 09(Fs) =
<3
wT Eﬁﬁféjj 4,45 T AL WIRIE Spyosq VEA T, N lemma 2.1 158 05(T) < 09(Sp1,2:3, 1)
0.42 < o B T AEEHRE Sprosa MEA T % w Bl v NEEEN 4 9B .

WA u Fl v BRRAAET R BIUIRE T 27 %%%@Smwﬁl,\¢%n+m+lznﬁ
p1 > 2. HTICEECH m, & HEEEMIEE Spm— 1,n—2m+1;2,10 o T EZEZRZHN 3, WILH

WEZH 2, THE
Zib, BAMESEH T 0 KIEHIIEN - 0

2.5.2 ZH{EMFH. TR

Definition 2.3 (7(b,m)). 4 bym,k WEH, WEb>2, m>1, Hb>k>1, &N
T (b,m) HEA b AT HEKICEEL m RITES .

A LELERALT T e T(b,m) 1 oo(T) 1Y L5

Theorem 2.11. 4~ b,m A%, %L b>2 Hm>1, & T AEF b ANt FHR KT

1, m=1,
b _
251 m—2,
57, b=2,m>3,
0'2(T)§ (39)
%7 b237m:br+17T€Z+’
2r+=5-
2
et b>3,m=0br+2,r€Z,,
1 J—
2927 523,m—b7"+8,3§8§b,7’6220.

Em=18, FF 0x(T)=1 RLBHAMNNE T ZEZH Spi10

L m=28, 5 0(1) = ﬁ AREYHMRY T EEAE CGrp-1.10

Lb=2m>3 8, 5 0o(T) =527 RLLEANRYE T ZHZEAE Popo
Lb>3m=br+l,r €Zy 0,55 0x(T) = “% RELHRYE T ZFER CGrp_1;0r =
Spl,b71;2r+1,2r0

Lb>3m=br+s3<s<brcZsy b, BB Spoisorits1o_si1 € T(b,br+s) ik
3 %% 0,(T) = ﬁo HP K B F 50 R TR RE—, Blde Sporioori1b-1,1 A7 SDaryop #R
BT T(bbr+0b) BAEsF5 0o(T) = 515

PER. W T NHEA b A FRIERUCECE m 5 .
L. #mm=1, T ZEE St H oo(T) =16

2. Hm=2, I T 28K CGy pp, HF b =1,2,...,0—1. FATH 02(T) = Wm <
e M by =18 b— 1 ISk,

3. 5m>3Hb=2, W T 22K P, 5% Pami1o FATH 02(T) = gmz_l 8 oo(T) = ﬁo
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4. FHb>3Hm=br+1, HhreZ, . i lemma 2.6, T [JEZRE/ DN 4r+1. & T HEZRE /D
HAr+2, W oy(T) < 725 = 525 < 2r+1b% o 5 T EARNEUN 4r+1, W H lemma 2.7, T 2
BRI C Gy pbyiors HH D1 =1,2,...,0 =1 NIEEEE FTLL 0o(T) =
EGHOLS HALY by =15 b - 1o

b < b
by (b—by)+2rb — 2rb+b—1°

5. H#b>3Hm=0br+2, Hfr € Z, .1 lemma 2.9, T FYEHZE/ VK 4r+3. fiTLL 0o(T) < ﬁo

6. Hb>3Hm=0br+s, HH3<s<b, r€Zy, H lemma 2.8, T [HEHZZ/DN 4r + 4,

s R ——

gk, BAVESE T 520N TR . O
FEEALELREXT T e T,m) I on(T) LR (k> 3).

Theorem 2.12. % b,m, k A %%, 2 b>k>3 Am>1, & T ALK b At Fhi
K ICEE m d9Hf. W

on(T) < 1 (40)

-

%5535 0p(T) =1 % BAXE H Bodk B Sp1p_1.9m-1.1 € T (b,m)s

JERA. EHARMTERR: ox(Sp1p-12m-11) =13 <k <b), HRXHTFIMEEMEG: 0n(T) <1,
B AT LR O

E 28 MEHABII—HEXFEFLE THAMKE k Steklov FAEE3 N TFTH T 1 9ZIANE®, RiE
E Ak T RRE] 18 Fto
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3 Algebraic Connectivity
3.1 Laplace ${EERIK/NKR

Lemma 3.1. & T Z2—An MARK. X T T 89—/ n' hFH. MatFi=1,2,...,n,

H
N (T) < M (T) (41)

. 6, En B LT) 2L RO HER R, P € J 2 SUE V (T) B9 M(T)-
FRRAERRAT, 0= 1,2,...,n0 3 01,7050y N S L(T’) e N
FESUE V(') B N (T))-4ERRE, 1= 1,2,.

XFEAE V(T') _ERIREL f ?ﬂlﬂ%ﬁi%ﬁﬂ—:)&fb V(T) FRERE F. 68 f 45 T— B(T')
A1 70 32 BB B

BIRA(T) = M(T") =00 B 2 <i <n' WEEHL

FERE [ = a1l + colla + -+ + ¢l H ery o, e BARANERIEEL EHilEEA
J=1,2, .0 — 1 EHE (F,&) = 0o XKEM c1,co,.. 000 BAFAEM, FEAXE—AMES @ DR,
i — 1 ATRRRTERAME TR, WA IER M

P A7 R AE A IR 5 (Courant-Fischer &), 14
ZquE(T)(f(u) — f(v))?

ZvEV(T) J?(’U)2
< ZuUGE ( (u) — f(v))?
a ZvEV(T ) f( )

(42)

\i(T) <

= \(T). (43)

AR
BT T FAET - B(T) WEANEES X ENEE BT wo € B(T)\ E(T). 4
ﬂw—ﬂ)—o P

Yo (fw) - F)= > (flw) - F)= > (f(u) -

wveE(T) wveE(T") wweE(T")

2. gk SRR RN R EUERE T . BACRYE, X T T — E(T") MM &S O, ¥
ve & C G T MBS, WAHTE we C, A f(u) = f(vo). FIt:

YooFw?= Y f@PHY D fwe)= Y fw)?

vweV(T) veV(T") C ueC\{vc} veV (1)
IXARIE T FLEA S,
22 b RAVER \(T) < M (T). -

E 31 ZEZH—ANFRA: defTHRIE
D wvenn (fw) = f(v))?
ZUGV(T " f(v)?
KA MBRAFZRMNREE R, A—TFIBH L F TR [ RMtis, RE Lr3nrHm
B, XAFRETT# bl T —AFH
D wven (fw) = f(v))?
ZUGV(T/) f(v)?
aatit (BRRDF+HRFR—2H DT .

= \i(T")

> \(T")

26



3.2 $KEHAY Laplace $F1E{E

3.2.1 Crab

HAVERIAE L(CGoy o) HIFFALLE
EBRIFATX CGoy oy X5

Vo = A{uo},
Vi ={uiq, ..
Voo = {vo},
Vv,i = {Ui,lp .-

-y Ui by }7

o) vi,bz}?

Vu,ia Vv,ia ;E\:E{:] Z - O, 1, ..

1< <,

1< <r.

S B

(44)
(45)
(46)
(47)

iILRY AV EFrASEREZSE] . W OATERE RS U AUER 725 A JATESSiE W
HRFE S ) CE R LAEIE R Py AYSELEREAERR AR T 2] W Hh{53E])
XFIEBE n: L(P,) 2EA n MIRIEEE RS RIER, BATE Baoy AN L(P,)
WBRS Po B9 0 BB — AT — SR RIS, 12 Ha—o A L(P,) BRSSP BRI

S S X L Y PR T A 471 i 15 2 O LA o

i 3.2, BRI LT AHERAH,

»
L

FATE @(M) = &(M, x) = det(x] — M) N M HJHF4E Z 7 K.

1. 2®(B,) = ®(P.y1) + ®(P,);

3. ®(P,) = 2®(H,_1), (n > 1);

JERR.

Stepl : FATEIGIEM 1 /1 2 o2 5J& B, RYEHEZ I, &ATA

r—1-—1

1
Tz —2

2. ®(Poyr) = (z — 2)B(P,) — ®(P,_1), (n>1);

5 ®(P,,x)®(P,,x) — P(Pp_1,2)P(Puy1,)
O(P,_2,2)P(Py,x), (m>2,n>12+#2),

0

27

Lemma 3.2. ¥ G; = Gy ZAAMEARZTHNE, G = Giu : vGs
58 Gy s v A—F2EEEFAGE. N

Lemma 3.3. % ®(P,) =0, ®(B,) = 1, ®(Hy) = 1. M HZAA:

(G) = D(G1)P(G2) — ©(G1)2(Ly(G)) — ©(Ga) @(Lu(Gh))-

4 ®(Co) = 20(Pyyy) — LB(P,_1) + 2(=1)™, (n > 3,2 # 0);

q)(Pm—la Ji)q)(Pn_l, l‘)

RBFFE G1 A u

(48)



R AT 1521
(I)(Bn—l) = (I)(Pn) - (I)(Bn) (49)

H lemma 3.2, Bf1H
®(Prs1) = (2 = 1)@(P,) — 2®(B,-1) (50)

B (49) AN (50), FATH

(P, 1) = (x — 1)B(P,) — 20(P,) + 2®(B,) = —~0(P,) + 20(B,)

Rl 1 paz. # 1AAAS (50), FIfF 2 az.

Step2 : Hik, FATEEXS n HATHASKIED] 3 B X n=1,2 i, ZRZ2TR. FZn > 3.
Hi 2 MIAGMER %, RATH
O(Py) = (# = 2)@(Py—1) — P(Po2)
=z(x — 2)®(H, o) — xP(H,_3)
= z[(z = 2)(Hy—2) — ®(Hn-3)]
=xz®(H, 1)

Ft, 3 oz
Step3 : Nk, FANEW 4 oL, B —FTRITITHIR ©(C,). HATH

z—2 1 0
1 x—2 1
o(C,) = 0 1 r—2 ---
1 0 0 Tz —2
nxn
1 0
r—2 1
1 0 0 xr —

(n—=1)x(n—1)
— (@ = 2)0(Hy1) = B(Hy ) + (~1)" = B(H,5) + (~1)™!
= (:B - 2)(I)(Hn—1) — 2¢(Hn_2) + 2(_1)n+1

K BB TTRS 2 M3 454G, JATA

2(C.) = “2a(p,) - Ze(p) +2(-1)

8

[(z — 2)®(P,) — ®(P,_1) — ®(P,_1)] +2(—-1)"*

—_

(I)(Pn—H) - 7‘1)(Pn—1) + 2(_1)n+1

8

AL, 4 Bz
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Stepd : FJFIATEY] 5 Mor. B2, FATA

B(Pp) = (¢ — 2)B(Pp_r) — D(Po_s) (51)
O(Post) = (¢ — 2)8(P,) — B(P,1) (52)
=t (52), FRATISZHITGE)
(z = 2)B(P,) = ®(Poy1) + ®(Pys) (53)

A (51) A1 (53), FATH
(2 = 2)@(Pn)®(F) = [(z — 2)2(Pr—1) — P(Prn—2)][®(Prt1) + ©(Fr1)]

i, FATH
(2 = 2)[@(Pn)@(Pr) — @(Pr—1)2(Py41)] (54)
= (2 = 2)@(Pr—1)®(Pa-1) = ®(Pr—2)[®(Pot1) — 2(Py-1)]
2, JATH
B(Pyiy) + O(Poy) = (z — 2)B(P,)
¥ LRI (54), W15 5 jlior. MEHISE M.
0

Corollary 3.4. ®(B,,) + ®(B,-1) = ®(F,).

ER.
z(®(By) + ®(Bn-1)) = (FPui1) + @(F,) + ©(P) + @(F-1)

= (z—2)®(P,) — ®(P,_y) + 20(P,) + ®(P,_;)
=2®(P,). O

Proposition 3.5. & P, A=A n ANTRENHEZE, B, AT P PRIh—A5% 55
FE A, NREZEE P, fEEEMFME LA O(P,) 94k (B P, 9932 LM HFIEE) A

4 sin? (1—71)”
on

i By 8938 AR SR X @(B,) #94R (B B, 69383 454845) A

i=1,2,...,n, (55)

21— 1)

4 . 2(
2

, 1=1,2,...,n. (56)

Lemma 3.6. % A = A\o;(Pory1) & L(Pary1) 9% (20) ANF4EE, X P i=1,2,...,7c N
Wt a4 L(CGh, pyir) 89— N\-HFAEZ 10, FLYUELA by + by — 2,

JEBA. FREMATE Popyr, HIEIEH w1 ~ way ~ -+~ wopi1o NTRAE(E A = Xoi(Pory1) (0=
L...,r), {FTERFAERREL & T2

E(wy) = (=171 <1 — 2cos ( —n1)7r + 2 cos 20 ;L b _ .. + (=1)7"'2cos (]—1)7(11—1)7r>

Hepj=1,...,2r+1, n=2r+ 1. KR, WTXERENRHLME. A {(wy1) =00

)
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E 33 XELRAABLE THERKOME, HFEA—F BRIt
EEE%EQ%%@ CGbl,bQ;’r’o Xﬂ’:J: m = 1727 A '7b1 - 13 E:lﬁg?é:

Um,r ™~ Umpr—1 200~ Um1 ™~ U ™~ Um41,1 000 ™~ Um41,r-

¥ Poryr [0 MERAESREL € BRIIFEMLES R L (BD flumy) = &(w;)) . HETUSERMEN 0. BT
E(wrp1) = 0 XN uo AEMTBREUE, IXFERERTRBEREA B LR Ve, BET Wt X4
T by — 1 ADMRMETCRI AR R AL

K, S m=1,2,...,by— 1, pEiKZ:

'Um’,,, ~ ’Um,’r’fl A s e AU Um,l ~ Vg ~ ’Um+1’1 A~ e AU /Um+1,'r7

IR BR A € 152 by — 1 MEAMETCIRM AHFAEREL
XEEREEECN (b — 1) + (bo — 1) = by +bo — 2, HEMNKMTER, #ET W, NfE
W HES T —DEECN by + by — 2 B ARFAEZS [ B

Definition 3.1 (B4iF5). B G MITUAHE V A ARIS 7 = (Vi, Va,..., Vi)o AR
B Q WA~ k x k Sl HIEEN:

1
Qij = I Z Z w(u,v),

u€V; veV;

HA w(u,v) TR v 1 v ZREGBA GFTTAE, wlu,v) =1 A05R w,v HHEE, BNH
O) o Xﬁﬂ:m%%[g CGbl,bg;r 5 %f&ﬂﬁj\ {Vu,07 Vu,h sy Vu,m ‘/1),07 ‘/1),17 ©0og Vvv,r} 5 EE‘]}EB@%

bl + 1 —blelT —1 0
—e B, 0 0
le,bg;'l" = ! T ) (57)
—1 0 bg +1 —b281
0 0 —€e Br

Hrpey B &N 1. Haa&h 0 SR, B, 2 rxr /M.

FPORIATIE W HHIRFAE R
F & CGyy por KT LIRS Vs, Voo IFIHIE Qb byiro ABAH L(CGh, by )P = PQy, pyir»
P ORFESIA R, BARN

P = [1\/“,0 ly,, - 1y, 1ly,, 1y, - 1V'U,ri| ) (58)
HATH 1 RETRTIIEFE Qb by FIHFALAE.

Lemma 3.7. & £ & Qu b, #9—A p-4FIERH. W & FFEH LCGy b)) £ W FH)—
A p-HEAE R B

S VERE) L(CGo, yir) PE = PQuy yir = pPEo BT PE AR IR Vs B Vs BB
i, L PE € W, FEEIIE L(CGo,p,0) (PE) = p(PE), B PE Ji L(CG, ) 1 prFERAL. O

| Lemma 3.8. /\Q(CGbl,bz;T) = U?(Qbhbz;r) < )‘2(P2r+2)o
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EW. E4E, HH lemma 3.6 FTAL, W G r(by + by — 2) MNERIETC R HVRHIE RS, IXLEHFAE PR AL
KERET Popyy W 7 DRI (B NMRFAEEXT I by 4 by — 2 4ERFAEZS[H])

Hk, W A4S 2r + 2 DERIETCRIVRHMEREL, IXLERHE R RIS Qu, porr HURFAE RS
Al

T RRATESE] (b + b2 — 2) + (2r +2) = (b1 + ba) + 2 DNERMETCRIVEHERE . HT CGhy by
HURTHRECN 7(by + b2) 4+ 2, XEWRERNTCEEE] 1T AR E

IRECRFAEMERIR T P 0 L(Papyr) HIRFEIEFT Qb, porr HIFFIE(E

HT Poryo 52 CGyy by BT, RIEEFE(EIISEE T, A

X2 (C Gy pyir) < Aa(Pari2) < Ao(Pors1)

BT Ao (Pors1) KT Xa(Porsz)s T A2(CGy, poir) MIUNTEET A(Parg2), B A2(CGy, pyir)
ANTTRESR H L(Popyr) MIRHEE, HAERA Quypor MFHIEE,
E&ﬁ )‘2(CGb1,b2;r) = MZ(le,bz;r) < )‘2(P27’+2)0 O

Lemma 3.9.

@(le,bg;’(‘> = (l‘Z — (bl + b2 + 2)1,‘ + blbg + b1 + bQ)Q(BT)Q(BT) (59)
— ((by + ba)x — 2byby — by — by)®(B,)®(B,_,) (60)
+ 0102® (B, —1)P(B,—1). (61)

B TAERE Qoo BATUNT 72 EREGH

A A Az 0

Asy Az 0 0

Az 0 Azz Az
0 0 Ay Ay

Qb17b2;7' =

Hrf: Ay =2 —b—1, Aig=—1, Ay = =1, Agg = —by— 1, Ay = —bre] , Ay = —ey,
Azy = —bzelT, Agz = —e1, Ay = Ay =B,
BAME R PSEREAT I XN XA TR R R, 85 75 IEHE T D RAT RIS Fe
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HIe A (1,1) AERRECR T

xr — b1 —1 —blelT -1 0
— B
det €1 r 0 0
-1 0 X — bg -1 —bgef
0 0 —€1 Br
=(x—by — 1)(z — by — 1) det(B,) det(B,)
e, 0 0
—(z—=bi—1)(=1)det | 0 x—by—1 —bge]
0 —e BT
bl 1 0
—(-1)(@—by—1)det| B. 0 0
0 —e1 BT
“be] -1 0
+ (=1)(=1)det | B, 0 0

0 T — b2 —1 —bgeir
JEIT B BATR] LA 21 -
D(Qpy b0r) =(x — b1 — 1)(z — by — 1)@(B,)®(B;)
— (I — bl — 1)b2(I)(BT_1)q)(BT)
— (SC — b2 — 1)61(1)(BT)®(BT_1)
+ b1bo®(B,_)®(B,_1)
BRBA A BRI 5 FF R
E£—5 RAZMAH
B IUARE
(x—b—1)(xz—by—1)=2%— (bg+ )z — (by + )z + (by + 1) (b2 + 1)
:.’172*(b1+b2+2)$+(b1b2+b1+b2+1)
S IR =R EE T
—(ZE—bl—l)bQ—(LE—bg—].)bl
= —bgl’ + blbg + bg — bl.CU + blbg + bl
= —(bl + bg).’I} + (2b1b2 + b1 + bz)
VUL biby
B & o(B,) M o(B,_,) BXEHTA

KT ©(B,)? ®(B,)®(B,_1). ®(B,_1)* 74:
®(B,)* AREC:

[1’2 — (b1 +b2 +2)£U+ (blbg +bl +b2 + 1)] — {1} = .’E2 — (bl +b2 +2)$+ (blbz +b1 +bg)

(GXEMS 1 RN S RAEIE T 1)
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(D(Br)(D(BT—l) E@%ﬁ
_Kbl + bg)fl? — (2b1b2 + b1 + bg)]

(D(Brfl)Q E/‘J/%ﬁ
b1by

W3 2 mA&IE A
D(Qp, poer) = (2% — (by + by + 2) + byby + by + by)®(B,)®(B,)
— ((by + bg)x — 2b1by — by — by)®(B,)®(B,_)
+ b1boy®(B,_1)®(B,_1)

Corollary 3.10.
(I)(le,bQ;l) = .CC(.CC3 — (bl + bz + 4)$2 + (blbg + 2b1 + 2b2 + 5)1’ — (bl + b2 + 2)) (62)
PERA. =10, RACIE: ©(B1) =2 —1 (B @84 TR, PEERHRERE A (1) &(By) =1

IRAERESL)
AN lemma 3.9:

I
(2% — (b1 + by +2)x + biby + by +by) - (x —1)*- 1
= (l’2 — (b1 + bg + 2).’11' + blbg + b1 + b2)($2 — 2.’11' + 1)
EIn
—((b1+b2)$—2b1b2—b1—b2>-(.7,‘—1>-1-1
= —((bl + bg)x — 2b1b2 — b1 — bg)(l’ — 1)
B=I
+b1b2 -1-1= b1b2
HERAFSHEAHD:

BRI I
(22 — (by + by + 2)x + biby + by + by) (2> — 22 + 1)
=zt — 223 4 2
— (b1 +ba +2)2° +2(by + by + 2)2* — (by + by + 2)z
+ (biba + by + ba)z® — 2(b1by + by + by)x + (bibg + by + by)

EEPIN S VN SE SR

2% =2 —(by + by +2) = —(by + by +4)

22014 2(by + by +2) + (byby + by + by) = byby + 3by + 3by + 5
at i —(by + by + 2) — 2(byby + by + by) = —2b1by — 3by — 3by — 2
2% 1 biby + by + by
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T LASE—350H -
xt — (by + by +4)2® + (b1by + 3by + 3by + 5)2® — (2b1ba + 3by + 3by + 2)x + (byby + by + by)
A JEIT 568 — 01 -

— ((by + by)x — 2byby — by — by)(z — 1)
—[(by + bo)x® — (b1 + ba)w — (2b1bg + by + by)x + (2b1by + by + by)]
—[(by + bo)x® — (2b1by + 2by + 2by)x + (2b1bo + by + bo)]

—(by + b2)x® + (2b1ba + 2b1 + 2b2)x — (2b1by + by + by)

ST +biby

ABFmEm:

xt 1

x3: —(by + by + 4)

z? (b1b2+3b1 +3by 4+ 5) — (by + bg) = biby + 2by +2b2+ 5

xls —(2b1by + 3by + 3by + 2) + (20162 + 2b1 + 2b3) = —(by + ba + 2)
z° (b1bz+b1 + ba) — (2b1by + by + ba) + b1by =0

AL -

D(Qb, py1) = 't — (b1 + by + 4)2® + (b1by + 2by + 20y + 5)a® — (by + by + 2)z
= z[z® — (by + by + 4)2* + (byby + 2by + 2by + 5)x — (by + by + 2)]

O
Corollary 3.11.
D(Q1p-11) =2(x® — (b+4)2* + (3b+4)z — b —2). (63)
B, A(CGrp_11) FFF7AE 23— (b+4)2*+ 3b+4)z—b—2=0 &%
JERH. fE corollary 3.10 14 by =1, by =b—1 RIfE. O

E 34 BT RRX IR, ERGIER S AR SH L LM, FF BT ZE 24T
St— e TR G T AEME, RGBT FHRG LR, X ERESMRGEBTRL Ny HHE.

Lemma 3.12. % 1 <b; <by, — 1 A%, 0

D (Qby+1,65-1;r) — B(Qby pyir) = (b2 — by — 1)(®(Br_1) + ®(B,))? (64)
=(by—0b —1)® ( ) > 0. (65)

PER. BT R G BACKUL, 1 Quv1,bo—1:0 T Qby ooy IFHEZ I, FIH ®(Br—1) +
(I>(Br) =®(P,) WRA, WL EIAS%EX . BT bo—b —1 >0, HZEEIER. O

Corollary 3.13. #% 1 <b; <by— 1 AEH, N p(Qv,+1.60-1.) < 12(Qby pir) o
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B, TEEE] ©(Qby11,0,-1,) BIBTECN 2r +2 (BED . BT 02 Qb 41,0, 1,r FIHAHEE, XTTE
ﬁ]g/J\E/\j €> 0’ ﬁ (P(le-‘rl,bg—l;’!‘)e) <0,
i«ﬁ o= ﬂQ(Qbhbg;r) >0 7?5 Qbhbz;r E/:J/;g:d\tl:#’/fﬁ{ﬁo Ij\]”

(I)(le-‘rl,bg—l;'r’),u) = (P(le-‘rl,bz—l;r) N’) - (I)(le,bg;r) /L) 2 0
XEWE 12(Qpy+1,b—157) S b= 12(Qby bir) o .

| Corollary 3.14. & 1 <b; <by —1 A &L, W X(CGh11,-1r) < X2(CGoy pyir)o

SEBr b, AR by > by 41, AREAE S
| Lemma 3.15. £ 1<b; <by—1 Hy BH n AQ(CGb1+17b2_1;7x) < AQ(Cthbz;T)o
‘ijl:.H}:]. ’fEi)LQ A= )\2(CGb1+1,b271;r) = )\Q(CGbl’bz;T)o IJ_I\UEE lemma 3.12 ﬁ:
(by — by — 1)®*(P.,\) =0

I B(P,, A) = 0.
’fEZEéO</\§/\2(P2T+2)<)\2(Pr), %}Eo O

Corollary 3.16. % 1 <b; <b A%, W MN(CGp, p—by:r) < XN(CGip_14)e FF ML Y H
L b =101,

NHIAIZEH A (CGrp—1) B 5

Lemma 3.17. % b>2 A %%, M

O(Q1p-1r) = 2(Qur) = (b= 2)((1 — 2)2(By) + ©(F7))2(F,). (66)

e, EEE
D(Q1p-1;r) =(z° — (b+2)z + 2b— 1)®(B,)®(B,) (67)
— (b — 3b+ 2)®(B,)®(B,_1) (68)
+ (b - 1)@(Br71>q)(Br71)- (69)

AL

D(Qrp-1:) — P(Qu1ir) =(b—2)(— (2 — 2)2(B,)2(B,) (70)
- (.’L‘ - 3)¢)(B7‘)®(BT‘71) + @(Br,1)®(BT,1)) (71)
=(b—2)((2 — 2)2(B,)2(F;) + ®(B,-1)2(F;)) (72)
=(b-2)((1 - 2)2(B,) + ©(F,))2(F;). (73)

Lemma 3.18. & b >3 A &4, M M(CGip-1.) > Aa(Paris)o
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JERA. EEE Qi = L(Parg2)e BIRE O(Q1p-1:,0) = (Q1,1,-,0) = 0o
0 <0 < Xo(Porys) < Aa(Porg1) = Ma(By)o FATH ©(Q1,15,6) < 06
F, ((1—2)®(B,,0) + ®(P,,0))®(P,,0) <0,
A, @(Q1p-1,r,0) < 00 IXFEHRE A2(Q1p-1:) > Aa(Porys)o
FrLA X (CGhp—1.r) > Xo(Parts)o O

3.2.2 Spider

SEfR b, Spider K[ Laplace SFAFE T FREEAR 5 Crab EIMIML, H5E Crab EW] LA K
F M Spider FEHfEzM A, SERATL-FAT LAEALEE Crab (&1 735 EA S 9% 2] Spider &
Laplace FFAF(E AL |

55 Crab AbFEFEEL, AT Spe,r BIFFERNSS, BIERS> Vi (0=0,1,...,7), H =04 H:

Vio = {uo}, (74)
Vuﬂ' = {Ui71, e aui,b}v 1 S 7 S T. (75)

B RY NV EFASREIN SR W OREEA RS BB EUEN T aH. RATE e E
W HEHEZS ] BT LB Poryr FOSELERHER BRI E] W iG]

Lemma 3.19. 3% b > 2 AR & A= Aoi(Porpr) & L(Pori) 895 (20) MFIEE, HLF
i=12,...m M W &g L(Spy) 1A AAFEER, RpHH b 1.
JEB]. UEHY lemma 3.6 AYHEAFH[E] -

B PORINTTE W RYREAE R AL
%HZ‘: Spb;r %?L%%Bﬁ\ Vu,i E/‘]—‘ﬁ-ﬁiﬁ[gi Qb;ro %X

_hel
Qb;r = l_il 2611 . (76)

2. L(Spuyy )P = PQuy . Hrfr P iyEHESIA K, BAEN

p:[lvuyo 1y, - 1%“}. (77)

Lemma 3.20. % & & Qp, 89—/ p-FFAEH I W & F-FH L(Spp,) £ W Fo—A p-4F
FEF F o

HEW. VEFEE] L(Spy, ) PE = PQyré = nPgo =

BRIAZEH A2(Quir) A FF

Lemma 3.21. % 1<k<n AFH, #PAnMEZLER, &S AnYFEEZEE, N
i (PS) > 1 (P)px(S)o
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ERA.
i (PS) = jie(VPSVP)
_ ) 2 "VPSVPx
T aimUek oglzanU xTx
C min max (v Pz)TS(VPx) ‘ x' Pz
N dimU:kO;ﬁrcan (VPx)T(vVPz) 'z
= i(P) dim Uk 045t (v Pz)T (v Px)
= p1 (P) i (5).

Corollary 3.22. % b>2 A &EH. W pa(Qpr) > p2(Qrr) = Aa(Pri1)o

B EEE Qur = AQu,, H A XA diag{b,1,..., 1} BT A BYE/PNRHEEDN 1,
*E%E lemma 3219 ﬁ ,MQ(Qb;T) 2 MZ(Ql;r)O ﬁﬁ Ql;r %Bﬂ?t%%?é Pr+1 E@Tﬁ%%ﬁﬁﬁ%ﬁ[g$’ E&
p2(Quir) = A2(Pri1)o O

Spv.r BIEE /NP TR E AR H Porg1o

Lemma 3.23. 3% b> 2,7 > 1 A%, W \o(Spyy) = A\a(Poryy) = 4sin®

_T
4r42°

BB RS W S r(b— 1) NMERMTCRIEMEREL, T W A5 r+ 1 DM TC I RFHE SR AL
BHRATE r(0— 1)+ (r+1) = rb+ 1 DEIETCRIEHERE. BT Sper HETEECH rb+1,
XERERMCEEE] T A RHEE.

IRECEFAEME IR T RS 0 L(Popyr) HIRFEEFT Quyr HIRFIE(H

g corollary 3.22, H Aa(Qpir) > A2(Pry1)o TEE Aa(Pri1) > Xa(Pors1). B A2 (Sppr) A
ATRERE Quyr HIRHIEE, HEERE L(Pary1) WRHIEHES

W X2 (Speir) = Ao (Paygr) = 4sin® sk O

3.3 —fakt
3.3.1 LEMAE. TEH

AR =AFEEGRENT T € T(n,m) {1 Aa(T) By LF.

Theorem 3.24. & n,m A%, HEAn>2 B 1<m<n/2, & T AELH n ATREELK
Kt Bed A m 9#t. M)

1 m =1,
)\2,mam(na m) S )\Q(CGLn,Q;l), m = 2, (78)
4sin® X, m > 3,

FF X(CGrn21) RHEZ 2° -~ (n+3)2° + Bn+ 1)z —n—1=0 8 KK
Im=18, ¥5 L) =1 RLEARLE T REH S,.
5 m=2 0, $% 0a(T) = \a(CGin21) A2 EEME T RHEEA CCry s
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L m>3 0, 5% 0y(T) = 4sin’ 5 REE ARG T Rk B SPm_1n——2mi12,10

PER. W T HEA n DT EICEEC m B9 RATEHE m HEUE 7 F DUIE o
1. m=1

WERR T AL — AR € ik, WIHDEECER /Do 16/2] Rl A AR g UCRCECN m,
IR EAE D 2224 2m.

Hm=10, HEELH 2.
(a) BN 1 HME—BHE 2 Sao
(b) B2 2 (EFERITHZ I S, (n > 3).

BAR, RN TR AEE Y 1o A, S om =1/, X\ (T) <1, HAS WAL HAL
4 T 22K Sno

2. m=2
Hom =2, B D <4, ORI ERIAARBUEI T8
(a) D=4

I T &R E Ps /E TR iRYE lemma 3.14:
Ao(T) < Ao(P5) < A (CGy—s1)

H A AN AU AT PATHESEIE Ao (P5) < A2(CG1n—si1)o

(b) D=3
Il T2 — MR CGp . B p+q=n— 2, BIEZ R TR IRMEMERIZEE,
A

Ao (T) = M (CGp 1) < X (CGrpsz)

%%ﬁjgﬁangCGl,n—&l (Eﬂpzlaq:n—3§2p:n—3aq:1)o
(¢) D=2
i TR2E, HEFMERSEN 1, 5 m=2F/F.

il B m=20, M\(T) < X(CGrpn-31), HESHI Y ALY T = CGrpn-s10
3. m>3
EEERER], WA SPm—1n—2mt121 HIE REAE(E L -
A2(SPm-1,n-2m+1:2,1) = A2(SPn—mi2) = A2(P5)

KEFAT n—m > 2 B LA R REAE A P T
MAERIEER D WA RBUEF TS
(a) D>5

I T 5 g2 E P fE N7 AR lemma 3.1, £

Ao(T) < Ao(Ps) < Ao(P5) < 4sin® %
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(b) D=4
PAITFER — S5
iR T S MIRIE Sprosa YERFRE, TARYE lemma 3.1:

)\Q(T) < )\Q(Spl,Z;S,l) ~0.32 < /\2(P5) ~ 0.38

. IR T B Sprosa YE TR, 38w f v ZEEEN 4 AT IXEHE u f
v BRI (RIEECH 1 BT o BRI, W T AU MIR IS Spp, pai2i1 s
W2 201 +pe+1=nH p1 > 2. ATFICEECH m, HEELMEE Spm—1n—-2m+1:2,10

(¢) D<3
UERICECE =28 2, 5 m > 3 F)E.

g%_t, %/[ m Z 3 HT‘T, /\Q(T) S 4Sin2 1L0» E%%&j%ﬂa% T %Hﬂ%g Spm—l,n—27n+1;2,10

2, EHSIE, O
3.3.2 AEMFH. TEH

WAL EBLERLEST T € T(b,m) 14 Ao (T) 1H_EFA

Theorem 3.25. % b,m A%¥%, %2 b>2 Am>1, % T ABH b ArtFHEHRKER
A m ekt W

1, m =1,
/\Z(CGl,b—l;l)a m =2,
4sin® =, b=2m>3,
oa(T) < " (79)

)\Q(CGL[)_LQT), b> 3,m =br+ 1,"" & Z+,

4sin2ﬁ, b>3m=br+2,recZ.,

. 2
4sin &Lﬂov b>3,m=br+53<s5<br € Zso,

P N(CGp 1) FFE 23— (b+4)22+ Bb+4)z —b—2=0 &) % o

Em=18, $5 0(T)=1 RLEHAERET ZEZA Spi1o

%m =20, %% 0o(T) = \(CGry11) AL BARE T RHEE CGry 110
Lb=2m>3 8, FF5 0o(T) =4sin® = Rz L HRLE T R&EZE Popo

L bo>3m=b+1reZ, i, %5 02(T) = \a(CGrp_12,) RELLZHLE T 2HER
CGl,b71;2r = Spl,b71;2r+1,2r°

L b>3m=br+s3<s<brcZsy i, sk Sp_1p_si1orsoorss € T (b br+s) L3
%% 05(T) = 4sin? sioe BEFFTHMTHRRE—, Bldo Spo-110012.20+1 F2 SDui2r 42 R
BT T(bbr+b) BAESEF 0o(T) = dsin® g5

ER. T NEA b D RIECRICECEL m AR

1. m=1

15 m =1, W T REEH MW(T) = 1.
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4

2. m=2

WmRE m = 2, W T Z2BEE CGyppa. HH b = 1,2,...,0 — 1. FATA (1) =

X (CGyy p—pys1) < M(CGrp_11)0 F5 M HACY T 28 E CGp-110
3. m>3Hb=2
MR m >3 Hb=2, W T 2EE P 80 Poami1o FATE 02(T) = Xa(Pom) B 02(T)
A2(Pomi1)o
4. b>3 B m=br+1,reZ,
WX b>3 Hm=br+1, HfireZ,. B4 lemma 2.6, T [NEEZE/DH 4r+ 1.

(a) TR T WEZRZEDH 4r +2, W X(T) < Ao(Pargs) < A2(CGip—1:2r)0

(b) WK T WEREE N 40+ 1, WY lemma 2.7, & T 2EEE CGh, bb, 20
bl = 1a2a B >b -1 j,‘jJ‘-E?—gEkéﬁo Fﬁl’j\ )\2(T) = )‘Q(CGbl,bfln;?r) S )\2(CG17b71;27')0 %%}ﬁ
E%Ea% T %ﬁ%%g CGl,b71;2r0

5. 0>3 B m=br+2,reZ,

X b>3 Hm=0br+2, HiftreZ,o fifli lemma 2.9, T {EEEDH 4r + 3. fTLA

Ao (T) < Xo(Paria)o

6. b>3 B m=br+s,3<s<b,rez,

Bk b>3 Hm=br+s, H3<s<b, r € Z,. ¥ lemma 2.8, T FIELE /DN 4r + 4,

FTLA Ao (T) < Xo(Parys)o

E N

e
Conjecture 4.1. & b,r A#%, %R b>2 Hr>1, 2T HBAH b vtFHF KITBLEK
Jybr+2 #98f. W 0o(T) < 0y (ESh2r), HF

£ (55, ) 2p+3b—3+£b2—2b+9
g 9 =
23770R) T o (bp? + 3bp — 3p + 20 — 4)

(80)
E5RELAMRE T & ES(D,2r).
Conjecture 4.2. & b,r A%, L b>2 A r>1. 8T ALK b AArtFERKK ALK

Hbr+2 ikt MAF b>3,m=br+2,r €Zy, A 02malT) <Ay (ESpor)e FFRLE
BARE T Z4#ME ES(b,2r).
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