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1 1*Class(The Trace)

Definition 1.1 A € M, (F), A = (ajj)nxn, tr(A) == > aji. & A, doy oo Xy A A
i=1

A4S HEAE, W] tr(A) = Z An.
Exercise 1.1 A € R™" tr(AA") =0 <= A=0.

Exercise 1.2 A 7%, I A 3k = A2 =AAT «—= A’ =ATA N A R
AR = A2 = —AAT — A?=_-ATA

Exercise 1.3 A 7%, W A & Hermite = — A?>= AT A.

Exercise 1.4 Ay, Ay, ..., A, FXAR , 0= AT+ A2+ + A2 N A = Ay =
A, = 0.

Exercise 1.5 A,B 7% % . AB—- BA=AT+ BT N A+ B=0.

Exercise 1.6 A,B £ %% . AB—- BA= AT — BT N A=B.

Exercise 1.7 A> = A, A € M,(F). 0 3P ¢ M,(F) Ti# st PAP' =
(g 8) tr(A) = r(A).

Exercise 1.8 f : M,(F) - F &HHK VA B € M,(F), f(AB) f(BA). 1
deeF st f=c-tr B f(A)=c- tr(A)Ji f(A) = f(AT).

Exercise 1.9 A ExH4R, W) r(A) - tr(A%) > ))?.

(t
Exercise 1.10 A, B #3t4k. iE4r((AB)?) < tr(A%?).” = Mm% <= AB =
BA.

Exercise 1.11 A, B Hermite %. iE:#r((AB)?) < tr(A%?%).” =/ A% <=
AB = BA.

B
4
r(A

tr

A A
O A;

Proposition 1.1 A % r(A) =1. M A=ap?,a,8 #3EE.
#m A =aplaf’ = kA(k = fTa = tr(A))
A BN ERRA 2 —tr(A)x

Exercise 1.12 A EHT F A = ( ) W Ay, Az A ERFTE Ay =

01
. 00
Jordan ﬁ!ﬁﬁ%ﬁ%ﬂ’:(”gﬁ g) 2,

A FMTI AR <~ tr(4) #£0
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Exercise 1.13 A € M, (F),tr(A) =0 U A FaM T A&aHh 0 694E%.
Exercise 1.14 A> = A, B*=B,I, — A— B T, W tr(A) = tr(B).
Exercise 1.15 iE8: RAE A ERFERE A B # 2 A= AB + B2

Exercise 1.16 A € M, (F),tr(A) =0 1 3X,Y € M, (F) s.t. XY -YX = A

Exercise 1.17 A € M, (F), M A=\, + A1 + Ay K+ Ay, Ay AFRK.

Exercise 1.18 S = s1, 59, ..., S;|s; € M,,(F) &3 ,s; T2, t0E& Y tr(s;) 5
i=1

r(i s;) WIRA.
i=1

Exercise 1.19 A, B 7% r(AB — BA+1,) =1, £ tr(ABAB) — tr(A*B?).

Exercise 1.20 A, B #9443t g 48 % <= tr(A") =tr(B") VkeN,
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2 2" Class(Nilpotent Matrices and Cyclic Matrices)
Definition 2.1 (BZ%EMF) A€ M, (C) #2 A FE, % Ime N s.t. A" =0.

Proposition 2.1 T 7% T & E4E %69 F M MR -
ARE (A" =0).
A AT A L= A s
A B IEA AR 0.
tr(A*) =0,Vk € N

Exercise 2.1 A,B € M,(C),AB— BA = A. it:A &KX H A B §AE4HFIEm

=S

z .

Exercise 2.2 10 [A,B] = AB—BA,A;,B; A7 % i=1,2,...m.C = >_[A;, B
i=1

B[O A]=0i=1,2..m U CRE.

Exercise 2.3 AB— BA= A+ B. iE:A, B T AR L= @A1L.

Exercise 2.4 AB— BA=C,AC =CA,BC =CB. W A,B,C TR L=
K.

Exercise 2.5 A’B + AB? = 2ABA, it:AB — BA %X.

Exercise 2.6 A+ t;B(1<i<n+1) R&E.t; Z14F, iL: A, B %X,
Exercise 2.7 A,B € M,(C),AB— BA= B", Wl AB = BA.

Exercise 2.8 A € M3(C),det(I3+ A") =1 3 F k=1,2,3,4,5,6,7. iE:A FE.

Exercise 2.9 A, B,C S3t#7 %, ik tr((ABC)?) < tr(A’BC?B) # K% 5 &
Z KM

Exercise 2.10 A, B,C, D 347 %, iE tr((ABCD)?) < tr(A*BCD*CB)

Exercise 2.11 a € R,a # 0,A FRXFAHR.XY,M,N A n WEHEE XY =
al, + A, MN =al, + A, it ODXN+YTMT £0.Q Bl aN+YTMT & T,

Exercise 2.12 A = (cos(0; + 6;))nxn, K A 694F4E4H.

ap 4y - o Ay
a’?’l—l c. c. c. :

Definition 2.2 (1B 3ERE) #de:A = N )
a : a
ap  az Ap—1  Qn

TE IR 5B [
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Proposition 2.2 T @ 2 JUANNBIREEE GG M
n MABIRSEIR G Fo, ARG A VG ILFETE.
A THE N A B RIEIRSE
PFREE A* AR PEIRSE TS

A1 f()‘l)
A9 O

€~ .. = A~ . 7)\17"'7>\n%7
0 : 0 .
An F(n)
2" =1 8k.= |Al = f(\)...f(\).
rank(A) =n—k < f(z)=0F kN n REZAH.

Exercise 2.13 46/% A T AN AL S HAX S A AT EANEIRFETE.
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3 3"Class(Solving ”AX = X B” Equation Problems)

255E A, B 3 alaE mon B JTFEX N mox on B R
Al w1
Al o1
1 o1
A I
Exercise 3.1 £ AX = XB Hir#:\#p $ HIXY AX = XB X8 Ef#E.
* A B WHIELZAXELE, N AX = XB 1A XM
Exercise 3.3 % A, B A r NABl &g/ EA451840, W) AX = XB AR r 6954,
& AX = XB A%H r a9, W A B ZVH r NRRGNE4HF

Exercise 3.2

Exercise 3.4

AEAR.
Exercise 3.5 iE:AX = XB XA XM Y HARY A B LnE4F 444,

Exercise 3.6 A € M,(R),r(A) =n—1, W ¢ : R"" - R”" X —» AX + XA
AR 4T

Exercise 3.7 A,B =7 % A, B 413 h 4 A> = B> W] A= B.

Exercise 3.8 A,C ExR 4, Fl: 742 AX + XA=COREGHME? QMR T,
—? QR EER.

Exercise 3.9 A € M, (F), 4F4EEA N\,i =1,2,...,n L -\, mA A 694F4E{E,
X — AX + X A" HEH.

Exercise 3.10 B € M,(F), W B %X 3% 0% A € M,(F) s.t. AB— BA =
B(A TR A3 AAHE ).

Exercise 3.11 A W4 4B HIBE, 1 X + AX — XA?2 =0 EEHALH

Exercise 3.12 (1) K C(A) ={X € M,(F)|AX = X A}.
(2) K C(A) ={X € M,(F)|AX = XA} 89 A—mK H+ A A:
Al
Al “ 0)
A= A= 2 A=
. O e

> =
—

A A Frobenius #BE1%.
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Exercise 3.13 A, B € M,(R), A" = B™,m A4 # A B £x4k, W A=B.
Exercise 3.14 A, B € M,(R), A, B £ & 7% A> = B* N A=B.
Exercise 3.15 A, B € M,(R),A,B £ % A™ = B" m E%¥%, 1 A= B.
Exercise 3.16 3 1E€ 7 % FF m RIEE FRABE—.
Exercise 3.17 A Ti#E 5 F A = ATAAT K AGE:A #HE AAT = ATA)
Exercise 3.18 A £ 2, WAEAEE—WEZ 5% H s.t. A=H — H L.
Exercise 3.19 n 7% A %2 f(A) =0, £+ f(x)=an2™ + ...+ ag, |am| >
”2)1 la;|, E 2X + A2X = X A3 I R,

A e M,(C),det(I, + A¥) =1,k =1,2,...,2" &, M A NFEZE.

Exercise 3.20 A € M,(C), I, — AA 84&4E % | X3t A p(x), N p(x) HEEHK
Y
% g K.

Exercise 3.21 A,B,M € M,(R),AM = MB,A, B AR &4FIE %R X, N
Vo € M,(R), A |A— MX|=|B— XM|.
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4 4" (F—Similarity)

Definition 4.1 #r A, B € M, (F) & F— 48X, % 3T € F ¥, H TA = BT.
Exercise 4.1 A, BcR W A, B 4% LY Z /0L,

Exercise 4.2 A, BcF W A, B & F— A/ai % HAX % 5 4841,

Exercise 4.3 F, K ¥, A, B € M,(mathbbF) U M,(K). M A,B & F— fafa% B
% A, B & K— 481,

Exercise 4.4 {A;},.; ., {Bi}ic;, C M,(Q). FEMEHRR LA, Mk Q
EAan (Fr {A;),{B;} & F #3% EAatL, & 3P € M,(F) T s.t. P'AP =
B, Viel) .

Exercise 4.5 X A € T N A 5 AT Aaf, A ATAR4EME S € F ™, S71AS =
AT

Exercise 4.6 AcF"" M A £ F LRI EZRXE A £ C L&) Z: K
AR .

Proposition 4.1 17 F L& 552 F _LRAITAREEF 694,
DAEAT Jordan 4B AR A 53 AR 4E 15 69 .
QAT 877 [ A#R A2 AN B ARKE 69 AR
QA € M,(F), W A LTI HRIESE P e M,(F) s.t. AP H3FARFENE,

ap by - -~ O
by as . :

Exercise 4.7 A = S € M,(R).(by---b,—1 # 0)
O - o b
O O - by ay

£ C(A) = {X € M,(F)|AX = XA}.

Exercise 4.8 A,B € C"". &M% # o : M,(C) —» M,(C),0(X) = AX —
XB,VX € M,(C)

DK o 492 I4F4E{A.

Q% A B T AN, W o AT AT AL,

QEA R TA=0B=0;A=B;A=—-B ¥1FNX.

@F o T AR, Fl:A, B T At Aieg?

Exercise 4.9 A c F"", B ¢ T £ & TF 3| &M T 4%
Df : F>m 5 F>m X — AX BT
Qg : Fm 5 Frm - X s AX + X BT
FE Ao, o DHNA A, B ERAAA, BB Ny A, Ao+ Ny AR f, g B94FIEAE

8
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Exercise 4.10 ) 2% T #6900 & E B - A AR AR IR, AR EE A 3R

Exercise 4.11 AB = BA,A,B € M,(C), W A, B &/ 4F4Em &t f ] VLR
i L= AL

Exercise 4.12 AB = BA, A, B 3 T A5t A, W A, B =T VAR B34 A L.
Exercise 4.13 7(AB — BA) =1, M A, B T AR L=@1k.

Exercise 4.14 r(AB — BA) <1, M A, B -T AR B AT E= AL,
Exercise 4.15 AB— BA %F A, B ¥9&as, N A B TR EL=/A4L.

Exercise 4.16 iX S AT Z /A T AT AL n MRS, LPHEER
AT 3, RS o B A 4B 1 T VAR B AR S A L.

Exercise 4.17 A #3H/ E—A TAA LG ZE, NEME S H -4l
.
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